In a series of papers [C-M 1-6] for some constant ν > 0 and for all r ≤ r ; and (P) The Poincaré inequality stating that there exists a constant C > 0, such that for all x ∈ M and r > 0,
for some constant ν > 0 and for all r ≤ r ; and (P) The Poincaré inequality stating that there exists a constant C > 0, such that for all x ∈ M and r > 0,
|∇u| 2 for any u ∈ H 1,2 (B x (r)) satisfying B x (r) u = 0.
It is known that these two conditions are valid on manifolds with non-negative Ricci curvature with ν = n. Using an argument involving the Poincaré inequality and a ball covering lemma, the authors in [C-M 6] proved:
Theorem. (Colding-Minicozzi) Let M n be a complete manifold satisfying (V ) and (P ). Then the dimension of H d (M ) is finite. Moreover, there exists a constant C(n, ν, C ) > 0 depending only on n, ν, and C such that
Another condition which often occurs in the literature is: (V') The volume doubling condition asserting that there exists a constant
for all x ∈ M and r > 0. It is easy to see that the volume doubling condition is almost equivalent to condition (V). In fact, (V) implies the volume doubling condition with η = ν. Conversely, the volume doubling condition implies that
for r ≥ r. In the same paper [C-M 6], assuming conditions (V') and (P) instead, the authors also proved that
The order in d in this case is not sharp. The sharp order should be d η−1 , which will be comparable to the case when condition (V) is assumed.
In [C-M 4] , the authors also announced, without indicating the proof, that H d (M ) is finite dimensional if M is a minimal submanifold in Euclidean space with Euclidean volume growth. In the same note, they also announced a finite dimensionality result for harmonic sections of polynomial growth of degree at most d on a Hermitian vector bundle with nonnegative curvature over a manifold with non-negative Ricci curvature. Shortly after the author circulated this preprint, Colding-Minicozzi circulated a new preprint [C-M 7] providing the proofs for the minimal submanifold and the harmonic sections cases. In this paper, they also used a form of mean value inequality similar to the present paper. However their argument did not provide the sharp order in d.
It is known [G, S-C 1] that conditions (V') and (P) imply a Harnack inequality for positive harmonic functions. In particular they imply:
(M) The mean value inequality asserting that there exists a constant λ > 0, such that for all x ∈ M and r > 0, any non-negative subharmonic function f defined on M must satisfy
Also, in view of the above discussion concerning conditions (V) and (V'), it is convenient for us to introduce: (W) The weak volume comparison condition asserting that there are constants C 0 > 0 and ν > 0, such that for all x ∈ M and r ≥ r > 0,
The purpose of this note is to give a short proof of the dimension estimate by assuming only (W) and the weaker condition (M). In fact, the argument also works for sections of a vector bundle who square norms are subharmonic. Moreover, the estimate is sharp in the order of d.
Theorem 1. Let M
n be a complete manifold satisfying conditions (W ) and (M ). Suppose E is a rank-m vector bundle over M. Let S d 
Then the dimension of S d (M ) is finite. Moreover there exists a constant
C > 0 depending only on C 0 and ν such that dim H d (M ) ≤ m C λ d ν−1 .
Note that the assumption (M) is much weaker than (P). For example (see [L 2]), condition (M) follows from condition (W) and a scale invariant Sobolev inequality of the following form:
(S) The Sobolev inequality asserting that there exists constants C, µ > 2, such that for x ∈ M and r > 0,
It is also known [S-C 2] that conditions (W) and (P) imply condition (S). On the other hand, Moser's iteration scheme asserts that conditions (W) and (S) imply condition (M).
Due to the fact that conditions (W) and (S) are quasi-isometric invariants, condition (M) holds on manifolds which are quasi-isometric to a manifold with non-negative Ricci curvature. Also conditions (W) and (S) hold [M-S] on ndimensional minimal submanifolds in Euclidean space R N with Euclidean volume growth. In this case, the distance function ρ is taken to be the extrinsic distance function of R N . Here the Euclidean volume growth is a growth condition for extrinsic balls
It is interesting to point out that while a manifold may satisfy conditions (W) and (M), it may not satisfy Liouville property. In particular, when M is a minimal submanifolds in R N with Euclidean volume growth, it must have finite dimensional bounded harmonic functions according to Corollary 2, but it is not known that there are no non-constant bounded harmonic functions. Another example is M = R n R n for n ≥ 3. In this case, one can easily see that there are non-constant bounded harmonic functions, but M satisfies conditions (W) and (M). In contrast, the assumptions in [C-M 6], namely conditions (V') and (P), imply the (strong) Liouville property.
The first corollary of Theorem 1 generalizes the estimate of Colding-Minicozzi. Other corollaries are related to estimating the dimension of harmonic sections with polynomial growth and holomorphic sections over a Kähler manifold.
We would like to point out that there are many other contributions to this subject. The interested reader should refer to a survey article of the author [L 3 ] for a more detail reference. Throughout this paper, we will denote all constants that depend on ν and C 0 generically by C.
The author would like to take this opportunity to express his gratitude to Jiaping Wang for suggesting ways to improve our argument.
Lemma 1. Let K be a k-dimensional linear space of sections of a rank-m vector bundle E over M. Suppose M satisfies conditions (W ) and (M ).
Assume that the square norm of each section u ∈ K satisfies the differential inequality
be any basis of K. Then for p ∈ M, r > 0, and any 0 < < 1/2, they must satisfy the estimate
where the supremum is taken over all u ∈ K of the form u = A, U for some
Proof. We will estimate
|u i | 2 by using a trick employed by the author in [L 1] . Observe that for any x ∈ B p (r), there exists a subspace K x ⊂ K which is of at most codimension-m (see Lemma 11 of [L 1]) , such that u(x) = 0 for all u ∈ K x . Hence, by an orthonormal change of basis, we may assume that
. Since ∆|u i | 2 ≥ 0, if we denote the distance from p to x by ρ(x), then the mean value inequality (M)
However, condition (W) and the fact that ρ(x) ≤ r imply that
Hence, substituting into (2) and integrating over B p (r), we have
On the other hand, if we define
and
and the lemma follows by combining this with (3). 
Proof. For each r > 0, let A r be the positive definite bilinear form defined on K given by A r (u, v) = B p (r) u, v . Let us denote the trace of the bilinear form A r with respect to A r by tr r A r . Similarly, let det r A r be the determinant of A r with respect to A r . Assuming that the lemma is false, then for r > r 0 , we have
On the other hand, the arithmetic-geometric means asserts that
This implies that det βr
for all r > r 0 . Setting r = r 0 + 1 and iterating this inequality j times yield
However, for a fixed A r -orthonormal basis {u i } k i=1 of K, the assumption on K and the volume growth assumption imply that there exists a constant C > 0, depending on K, such that
for all 1 ≤ i ≤ k. In particular, this implies that
This contradicts (5) as j → ∞, and the lemma is proved.
Proof of Theorem 1. Let {u
Clearly, it suffices to prove the estimate for k = dim K. Lemma 2 implies that there is a r > 0 such that
On the other hand, by setting β = 1 + , Lemma 1 implies that
The estimate on k follows by setting = (2d) −1 and observing that (1 + (2d)
Note that Moser's iteration also works with functions satisfying ∆f ≥ −g f. In particular, if g is a non-negative function with compact support, then (see [L 3 ]) f will satisfy a mean value inequality for all x ∈ M and for all r > 0. This observation allow us to apply to harmonic sections of a bundle with curvature non-negative outside a compact set. We will now give a few corollaries of Theorem 1 by simply applying the corresponding Bochner-Weitzenböck formula to the harmonic sections.
Corollary 2. Let M
n be a complete manifold satisfying conditions (W ) and 
denotes the space of harmonic p-form of at most polynomial growth of degree d.
If we further assume that ds 2 0 has non-negative curvature operator, then
Corollary 4. Let M be a complete Ricci flat manifold. Suppose K d (M ) is the space of Killing vector fields on M which has polynomial growth of at most degree
In the case of holomorphic sections of a Hermitian vector bundle over a Kähler manifold, we can modify the argument slightly by taking the appropriate Hermitian inner product on the fibers and using unitary transformations instead of orthogonal transformations in Lemma 1. In this setting, by apply the corresponding Bochner-Weitzenböck formula for holomorphic sections (see [K] for notation), Theorem 1 yields a Seigel type theorem. 
It is clear that from the proof of Theorem 1, we actually proved a more general statement. 
as the distance ρ → ∞ to some fixed point p ∈ M, and the mean value inequality
for all x ∈ M and r > 0. Then there exists a constant C > 0 depending only on ν and
An example of this situation is when we consider a uniformly elliptic operator L on R n . For instance, if L is a uniformly bounded elliptic operator of divergence (or non-divergence) form, then Moser's iteration argument (Krylov's argument) [G-T] implies a mean value inequality for any non-negative subsolution of L. Therefore we can apply Theorem 6 to this setting. Before we state the next corollary, we would like to refer the reader to [A-Ln, Ln, Mr-S, Z] for previous work on a more restrictive class of uniformly elliptic operators on R n .
Corollary 7. Let
be an elliptic operator of divergence form with uniformly bounded coefficients defined on R n , i.e., there exists a constant 
be the space of L-harmonic functions that has polynomial growth of degree at
Let us remark that the operator L can be taken to be an elliptic system. One just need to ensure that if U = (u 1 , . . . , u ) is any solution to L(U ) = 0 then |U | 2 = i u
